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Abstract
In this work we study two types of five-dimensional braneworld models given by sine-Gordon
potentials. In both scenarios, the thick brane is generated by a real scalar field coupled to gravity.
We focus our investigation on the localization of graviton field and the behaviour of the massive
spectrum. In particular, we analyse the localization of massive modes by means of a relative
probability method in a Quantum Mechanics context. Initially, considering a scalar field sine-
Gordon potential, we find a localized state to the graviton at zero mode. However, when we
consider a double sine-Gordon potential, the brane structure is changed allowing the existence of
massive resonant states. The new results show how the existence of an internal structure can aid
in the emergence of massive resonant modes on the brane.
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I. INTRODUCTION
The interest in thick brane models has grown in the context of five-dimensional warped
spacetime due to its advantages over the Randal-Sundrum (RS) scenarios [1]. Several au-
thors have noticed the presence of resonances while analysing gravity localization in RS
models [2–6]. The same structures have also been detected in the study of gravitons in
five-dimensional branes generated dynamically by topological defects [7–11]. If we are inter-
ested in braneworlds with one extra dimension, we can consider models that support kink
solutions. In this case, scalar fields coupled to gravity in the presence of potentials like λφ4
can provide kink solutions, which are responsible for the appearance of new and interesting
thick braneworld scenario. Alternatively, bounce-like solutions can also be obtained by sine-
Gordon (SG) potentials. Therefore, some works have studied such solutions as brane models
[12–14]. However, a complete study of the graviton massive spectrum in defects generated
by sine-Gordon potentials are still absent.
Thick braneworld can be further generated by two-kink solutions with the advantage
that these solutions have internal structure that may interfere with the field localization
mechanisms. Such defects can be obtained from a deformation of a λφ4 potential [15–19]
and seem to be composed of two standard kinks. An example of this is the Block brane
model, on which the study of the field localization has been carried out by some of us in Refs.
[20–24]. An alternative way to obtain two-kink solutions is consider a double sine-Gordon
(DSG) potential, which has been investigated for instance in Refs. [18, 19]. In this type
of model, it is not necessary to take a deformation procedure in order to achieve the brane
with an internal structure.
The DSG model has applications in several physical contexts, for example, it was applied
to the analysis of magnetic solitons in superfluid 3He [25], study of thermodynamical prop-
erties in the magnetic chains [26] and polymers [27]. A perturbation theory for the DSG
equation is presented in [28], and the author in Ref. [29] has showed two different methods
in order to solve this equation. In particular, the study of velocity resonances in the classical
scattering of DSG kinks was addressed in [30].
In this work, the SG and the DSG potentials are adopted to construct braneworld models
where we analyse the localization of gravitons with focus on the behaviour of the massive
spectrum. The graviton equations of motion are converted into a Schro¨dinger-like equation
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and we search for resonances on the resulting wave functions. In the context of quantum
mechanics, the normalized wave functions are used to evaluate by numerical methods the
probability to find a massive mode in terms of the position along the extra dimension. We
are specifically interested in the modes with high probability of being located at the brane
position.
This work is organized as follows. In the second section, we review the brane setup
obtained by the sine-Gordon potential. In the next section, we introduce the DSG model
and the braneworld corresponding. We addressed the graviton massive spectrum and search
for resonances on the SG and DSG models in the fourth section. Finally, we discuss our
results and present our conclusions in the last section.
II. SINE-GORDON BRANE
Let us now focus on the thick brane scenario constructed by a real scalar field φ coupled
to gravity. Such scalar field depends only on the extra dimension y. The spacetime is an
AdS D = 5 with metric ds2 = e2A(y)ηµνdx
µdxν + dy2. The Minkowski spacetime metric is
ηµν with signature (−,+,+,+) and the indices µ, ν run over 0 to 3. Note that the warp
factor is written in terms of the function A(y) that will be defined by an appropriate choice
of the potential. Considering the action
S =
∫
d5x
√−G
[1
4
R− 1
2
(∂φ)2 − V (φ)
]
, (1)
where R is the scalar curvature, the equations of motion take the general form
φ′2 − 2V (φ) = 6A′2 (2)
φ′2 + 2V (φ) = −6A′2 − 3A′′ (3)
φ′′ + 4A′φ′ =
∂V
∂φ
, (4)
where prime stands for derivative with respect to y. Considering the potential
V (φ) =
1
8
(
∂W
∂φ
)2
− 1
3
W 2, (5)
one obtains the first-order equations
φ′ =
1
2
∂W
∂φ
, (6)
3
A′ = −1
3
W. (7)
The above equations were obtained by a method widely used in the literature, which consists
of writing the potential V (φ) in terms of the superpotential W = W (φ), a smooth function
of the field φ [31–39]. Thus, the sine-Gordon potential is obtained by choosing the following
superpotential [42]
W (φ) = 3bc sin
(√
2
3b
φ
)
, (8)
which provides the potential
V (φ) =
3
8
bc2
[
1− 4b+ (1 + 4b) cos
(√
8
3b
φ
)]
. (9)
Finally, considering the superpotential (8), the first order equation (6) yields the solution
φ(y) =
√
6b arctan{tanh
[
1
6
(
3cy +
√
6
b
C1
)]
}, (10)
which is plotted in Fig. (1). Integrating twice the sum of equations (2) and (3) give us the
warp factor
e2A(y) = cosh
cy +
√
2
3
C1√
b
−2b. (11)
To center the defect at y = 0, we set C1 = 0 henceforward. The constant c controls the
thickness of the defect and b defines the value of φ(y) when y → ±∞.
Hereinafter the Ricci scalar assumes the form
R = 8bc2 sech(cy)2 − 20b2c2 tanh(cy)2. (12)
In the brane localization, the curvature scalar assumes a positive value. However, far from
the brane, R tends to a negative constant, characterizing the AdS5 limit for the bulk.
The presence of regions with positive Ricci scalar could in principle be connected with the
possibility that some massive states may be quasi-localized on the brane as we will investigate
in the following sections.
Since the expressions of φ(y), A(y) and V (φ(y)) are determined, we can write the matter
energy density along the extra dimension, given by e2A(1/2φ′2 + V ), in the form expressed
as
ρ(y) =
3
8
bc2 cosh(cy)−2b
[
1− 4b+ (1 + 4b)× (13)
cos
(
4 arctan(tanh(
cy
2
))
)
+ 2 sech(cy)2
]
.
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Figure 1: The kink solution (left), curvature scalar (center) and the energy density (right). We
have used b = 1.
Observing the solutions for ρ(y) and R(y) in Fig. (1) we note that increasing the values of
the constant c makes the brane thinner.
III. DOUBLE SINE-GORDON BRANE
In this section, we construct a new thick brane scenario from an extension of the basic
SG model. We start again from the action of a scalar field coupled to gravity
S =
∫
d5x
√−G
[1
4
R− 1
2
(∂Φ)2 − V(Φ)
]
. (14)
In flat space-time the so-called double sine-Gordon model can be obtained by the following
potential [43]:
V (Φ) = 1− cos(2Φ) + a(1− cos(Φ)). (15)
As showed in the second section, the SG potential (9) provides us kink solutions that
interpolate between the maxima of the potential. In Fig. (2) we compare the SG and DSG
potentials. We note that in the DSG potential the absolute minimum at Φ = 0 persists,
and we have the raising of a relative minima at Φ = pi. As showed in previous works
[28, 29, 40, 41], the changing in the original vacua of the SG model modifies the scalar field
solution. On the DSG potential in flat space-time, the kink solution interpolates between
the two vacua (0 and 2pi) with a transient state at pi. In gravitational scenario, this feature
reveal us new peculiarities of the brane geometry.
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Figure 2: Sine-Gordon and double sine-Gordon potentials in flat space-time.
Next, we write the potential V (φ) in the form
V (Φ) =
1
8
(
dW
dΦ
)2
, (16)
and so we can determine another superpotential such that
W(Φ) = 4 cos(Φ/2)
√
a+ 2
(
1 + cos(Φ)
)
+ (17)
2a ln
[
2 cos(Φ/2) +
√
a+ 2
(
1 + cos(Φ)
)]
.
Returning to the curved space-time, the equations of motion resulting from the action
(14) give us first-order equations if the potential is written in terms of the superpotential as
V(Φ) = 1
8
(
∂W
∂Φ
)2
− 1
3
W2. (18)
Thus, this prescription allows us to obtain the first-order equations as
Φ′ =
1
2
∂W
∂Φ
, (19)
A′ = −1
3
W . (20)
In terms of the superpontential W(Φ) defined in Eq. (17), we get the new DSG potential in
curved space-time, given by
V(Φ) = 1− cos(2Φ) + a(1− cos(Φ))− 1
3
[
4 cos(Φ/2)
√
a+ 2
(
1 + cos(Φ)
)
+ (21)
2a ln
(
2 cos(Φ/2) +
√
a+ 2
(
1 + cos(Φ)
))]2
.
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Figure 3: Double sine-Gordon potential in gravitational scenario.
In Fig. (3), we observe that the DSG potential obtained keeps similar behaviour that in
the case of the absence of gravity. It is expected that the solution to the scalar field exhibits
a transient state among the vacua due to the raising of intermediate minima in V(Φ).
The new solution to the scalar field on the DSG scenario must be obtained from the
first-order equation (19). Due to the more complex structure ofW(Φ) than in the SG model
we are unable to evaluate Φ analytically. Thus, we plot the numerical solution for Φ in Fig.
(4). This new kink solution interpolates between the vacua at 0 and 2pi with a transient
region related to the intermediate minimum of the DSG potential at pi. Similar structures,
called two-kink solutions, were obtained in previous works from a deformation procedure of
Φ4 potentials [18, 19].
The solution for the function A(y) is obtained from equation
A′′(y) = −2/3Φ′(y)2, (22)
that is the sum of the equations (2) and (3). Based on numerical data for Φ, we construct
the warp factor, that is plotted in Fig. (4). In the same way, the energy density
ε(y) = e2A
(
1
2
Φ′2 + V
)
, (23)
and the curvature scalar
R(y) = −(8A′′ + 20A′2), (24)
are also plotted in Fig. (4).
The DSG model provides new features about the core of the brane that are not present
in the SG model. We note the raising of a flat region at the brane location and also a
splitting on the matter energy density. The appearance of two new maxima in R(y) and
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Figure 4: The kink solution (top left), energy density (top right), warp factor (bottom left) and
curvature scalar (bottom right).
ε was interpreted in Refs. [19, 44] as the emergence of a brane with an internal structure.
When the constant a is reduced, the two kinks that compose the structure of Φ separate
themselves. The same aspect is observed on the maxima of the energy density and curvature
scalar, which are related with the position of each kink in Φ.
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IV. MASSIVE SPECTRUM AND RESONANCES
We now focus our attention on the gravity localization in SG and DSG braneworlds. The
main objective is to search for resonant states on the massive spectrum. For this goal, we
must obtain a Schro¨dinger-like equation to the graviton on the fifth dimension. Initially, we
perform a tensor perturbation of the metric as
ds2 = e2A(y)(ηµν + hµν)dx
µdxν + dy2, (25)
where hµν = hµν(x, y) satisfies the transverse-traceless (TT) conditions and represents the
graviton. So when we consider only the TT tensor mode to the metric fluctuations, namely
hµν , its equations of motion take the simplified form [37, 42, 45]:
h
′′
µν + 4A
′h
′
µν = e
−2A∂2h
′
µν , (26)
where ∂2 is the four-dimensional wave operator. Introducing the transformation dz =
e−A(y)dy and choosing an ansatz containing a bulk wave function times a space plane wave,
hµν(x, z) = e
ip·xe−
3
2
A(z)Uµν(z), we can rewrite the Eq. (26) as a Schro¨dinger-like equation
given by
− d
2U(z)
dz2
+ V (z)U(z) = m2 U(z), (27)
with the potential V (z) = 3
2
A′′(z) + 9
4
A′2(z). Note that we have omitted the space-time
indices and introduced the mass parameter such that p2 = −m2. The Eq. (27) does not lead
to tachyonic states and one has a normalizable zero mode solution as shown in Ref. [44].
The coupling of the massive modes with the matter on the brane is established in terms of
the solution to the Schro¨dinger-like equation at z = 0. The solutions to U(z) acquire plane
wave structure when m2  Vmax because the potential represents only a small perturbation.
Thus, if there are resonant modes we expect that they must emerge with m2 ≤ Vmax.
In general, we can define a resonant mode as solutions to U(0) with large amplitudes inside
the brane in comparison with its values far from the defect. To seek for such structures we
adopt a largely used method based on the relative probability N(m) [46–50] given by
N(m) =
∫ +zb
−zb |Um(z)|2dz∫ +zmax
−zmax |Um(z)|2dz
. (28)
From Eq. (27) we can consider ζ|Um(z)|2 as the probability for finding the mode at the
position z, where ζ is a normalization constant. Thus, resonant modes will be identified by
peaks in N(m).
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To evaluate the relative probability, we take a narrow integration range around the brane
−zb < z < zb with zb = 0.1zmax [48], and the massive modes considered inside a box with
borders |z| = zmax far from the turning points of the potential [46, 49, 51]. It is known
that the choice of the integration interval zb = 0.1zmax does not interfere with the values of
the masses to the possible resonance modes [8]. Since we have a symmetric brane, we use
U(0) = 1 and U ′(0) = 0.
A. SG brane
Let us now consider the warp factor in the SG scenario. Starting from the solution to A(y)
given by Eq. (11), and setting b = 1 for simplicity, we take the well-known transformation
dz = e−A(y)dy so that the warp function becomes
A(z) = − ln(
√
z2c2 + 1). (29)
As a matter of fact, there is a graviton zero mode localized solution. For m = 0, the equation
(27) admits the solution U(z) = 1/(1 + c2z2)
3/4
. In Ref. [42], the author has noticed
the existence of a zero mode localized to the graviton but have excluded the existence of
resonances on the massive spectrum without having evaluated U0(m). In fact, when such
work was published, the methods to detect resonant states have not been developed yet.
Now, we focus attention on the resonant modes. With the above solution to A(z) we find
the following potential
V (z) =
3c2(−2 + 5c2z2)
4(1 + c2z2)2
. (30)
This result allows us to determine the relative probability function N(m), and we depict it
in Fig. (5), together with the potential V (z). We note the presence of a localized graviton
mode with m = 0, which is a bound mode but not a resonance state. Besides, there is no
peak in N(m) for m 6= 0. The absence of massive resonances can be understood in terms of
the potential structure. The mass interval where the resonances could appear (m2 ≤ Vmax)
is very thin due to the maxima of the volcano-like potential, that is also very low as showed
in Fig. (5). Increasing the value of the constant c the maxima of the potential are raised.
However, its two barriers become very close so that the modes are suppressed at the brane
location.
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Figure 5: Schro¨dinger potential (left) and the N(m) function (right) for SG model.
B. DSG brane
To study the massive spectrum for the DSG model, we need to solve again the Schro¨dinger
equation (27) and construct the N(m) function (28) in terms of the action (14). Given A(y)
from Eq. (22) we perform the transformation dz = e−A(y)dy to get A(z) and the potential
V (z) = 3
2
A′′(z) + 9
4
A′2(z). In Fig. (6) we plot the profile of the potential V (z), for some
values of a.
The Schro¨dinger potential to DSG model has two minima with a flat region at z = 0.
In contrast with the SG model, when we make the brane thicker (reducing a), the distance
between the maxima of the V (z) potential enlarge, but the height of the maxima do not
reduce. The depth of the minima is also not reduced while increasing the thickness of the
defect. This is an important feature since the resonant modes occurs for m2 ≤ Vmax. Thus,
the Schro¨dinger potential structure tell us that the DSG model is able to support resonant
modes to the graviton.
In order to confirm the assumption of the existence of resonant modes, we obtain the
relative probability N(m) after integrating the Eq.(28) numerically on the DSG setup. The
result is showed in Fig. (6) using a = 10−6. We note the present of two massive resonances
at m = 2.07 and m = 3.99. The zero mode is observable on the inset in Fig. (6) (top right)).
Its structure is similar to the SG zero mode presented in Fig. (5). This result at m = 0
indicates the existence of a graviton localized zero mode, which is confirmed by the solution
of Eq. (27) showed in Fig. (6) (bottom left).
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Figure 6: The Schro¨dinger potential (top left), N(m) function (top right), zero mode (bottom left),
m = 2.07 resonance (bottom center) and m = 3.99 resonance (bottom right). DSG case.
V. CONCLUSIONS
In this work, we have considered two brane scenarios given by the sine-Gordon and the
double sine-Gordon models. We focus our attention on the analysis of the graviton massive
spectrum and resonances.
Initially, the thick brane model generated by the SG potential was revised. The resulting
solutions for the scalar field and the energy density show us that the thickness of the defect
can be changed in terms of a parameter c of the superpotential function. The curvature
is positive at y = 0 and becomes negative when y → ∞. A Schro¨dinger-like equation was
obtained from the graviton equations of motion. Thereby, using the quantum mechanics
interpretation, we have numerically evaluated the relative probability to find the modes on
the brane location. We only found a peak in N(m) at m = 0, and it is correspondent to the
zero mode localized.
The absence of massive resonances on the graviton spectrum of the SG model can be
explained by the Schro¨dinger potential structure of Eq. (30). The maxima of such potential
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present small values and this excludes the possibility of massive resonances, that arise on
the interval m2 ≤ Vmax. In fact, we can lift the maxima of the potential, but they became
very narrow and again the possibility of resonance to the wave functions is excluded.
Changing our attention to the DSG brane model, we have noted the presence of a transient
minima between the minima of the scalar field potential. Such behaviour is also expressed
on the structure of solutions to the scalar field, as showed in Fig. 4. Moreover, observing
the solutions to the warp factor, energy density and scalar curvature, we have detected the
existence of a flat region at the brane location. Another interesting detail of the DSG model
is the presence of two maxima in R(y) and ε(y) around the brane position. These new
features indicate the possibility to capture modes inside the brane.
The Schro¨dinger potential to the DSG model also presents significant differences from
that of the SG model. The minimum point at z = 0 splits in two, separated by a flat region
where the potential assumes zero value. Moreover, when we make the brane thicker, the two
maxima separate themselves without reduce their peaks. Therefore, there is a possibility
that the wave functions acquire large amplitudes inside the brane.
The existence of resonances were confirmed by the calculation of the relative probability
function given by Eq. (28), plotted in Fig. (6). We have detected two resonances respectively
at m = 2.07 and m = 3.99. The peak in the function N(m) corresponding to the zero mode
is kept in accordance with the existence of a zero mode localized. However, the appearance
of massive resonances is related with the raising of the internal structure.
A natural extension of the current work consists in applying the same methodology to
the other fields, including fermions and gauge fields, as in Ref. [51], and investigate how the
massive modes of those fields are trapped inside the SG and DSG branes. Another issue of
interest is about the corrections to Newton’s Law due to massive modes, where the dynamics
of the eigenfunction Um(z) could modify the four-dimensional gravitational potential. Some
of these issues are currently under investigation and will be reported in future work.
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